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Abstract

Magnetic monopoles are hypothetical elementary particles exhibiting quantized
magnetic charge m0 = ±(h/(μ0e)) and quantized magnetic flux Φ0 = ±h/e.
In principle, such a magnetic charge can be detected by the quantized jump in
magnetic flux Φ it generates upon passage through a superconducting quantum
interference device (SQUID). Naturally, with the theoretical discovery that a
plasma of emergent magnetic charges should exist in several lanthanide-pyrochlore
magnetic insulators, including Dy2Ti2O7, this SQUID technique was proposed
for their direct detection. Experimentally, this has proven challenging because of
the high number density of the monopole plasma. Recently, however, theoretical
advances have allowed the spectral density of magnetic-flux noise SΦ(ω, T ) due
to generation recombination fluctuations of ±m∗ magnetic charge pairs to be
predicted. Here we report development of a SQUID based flux-noise spectrometer
and consequent measurements of the frequency and temperature dependence of
SΦ(ω, T ) for Dy2Ti2O7 samples. Virtually all the elements of SΦ(ω, T ) predicted
for a magnetic monopole plasma, including the existence of intense magnetization
noise and its characteristic frequency and temperature dependence, are detected.
Moreover, comparisons of simulated and measured correlation functions CΦ(t) of
the magnetic-flux noise Φ(t) imply that the motion of magnetic charges is strongly
correlated.
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Chapter 1
Introduction

It has long been known that a magnet cannot be broken down to its simplest
constituents—the north and south poles. This is reflected in the asymmetry of
Maxwell’s equations with respect to electric and magnetic fields. While the electric
monopole is very much present and is the foundational basis of modern electronics,
the magnetic monopole charge is conspicuous by its absence. The search for the
fundamental magnetic monopole [1] has proven to be quite elusive till date, but
condensed matter physics has provided a few candidates [2, 3]. This chapter reviews
one such class of candidate materials, namely the Dipolar Spin Ices: Dysprosium
Titanate and Holmium Titanate.

Lanthanide pyrochlore oxides are a class of materials wherein the rare-earth
(RE) ions resides on corners of a tetrahedral network (Fig. 1.1) and the RE spins
are usually frustrated. Magnetically frustrated systems [4] refer to conflict within
different couplings between spins in a lattice. A simple illustration of frustration is
a triangular lattice with Ising spins coupled antiferromagnetically. The attribute of
frustration leads itself to the existence of a multitude of exotic magnetic states such
as spin ices [5], spin slush [6] and candidates for quantum spin liquids [7]. One such
member of this class presents itself as a candidate for housing magnetic monopoles,
namely dipolar spin ice which is a geometrically frustrated magnet. Dysprosium
Titanate (Dy2Ti2O7) and Holmium Titanate (Ho2Ti2O7) both belong to this sub-
class of dipolar Spin Ices. Theorists predict that elementary spin excitations in these
compounds behave like magnetic charges [8] that are deconfined to move about the
lattice freely [3].

1.1 Spin Ices

The structure of (Dy/Ho)2Ti2O7 is made up of a cubic unit cell (lattice parameter
10.12Å) with two sublattices—pyrochlore lattice of Dy ions (Fig. 1.1) with O at

© Springer Nature Switzerland AG 2021
R. Dusad, Magnetic Monopole Noise, Springer Theses,
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2 1 Introduction

Fig. 1.1 Dy3+ ions
represented by the small
spheres sitting on a
pyrochlore lattice structure

center of each tetrahedron and corner sharing octahedral network of Ti and O
ions. The nearest neighbor distance between two Dy atoms is a = 3.58Å. The
magnetic character of these materials arises from the lanthanide RE ions since the
Ti and O ions are non-magnetic. Neutron scattering experiments first suggested that
Ho2Ti2O7 does not magnetically order down to 0.35K [9] in zero field, despite
being chemically ordered. This strongly indicated frustration among Ho spins.
When a sufficiently strong field was applied (∼1 Tesla) appearance of Bragg peaks
illustrated the restoration of magnetic order in this compound. In the conclusions
of their study, Harris et al. recommended that the spin structure of this compound
was consistent with an Ising like behavior of Ho3+ spins. This implied that Ho spins
could only point towards or away from the center of the tetrahedron, this condition
is equivalent to Ho spins pointing along local 〈111〉 axes.

The lowest energy state for this system corresponds to a 2-in-2-out spin
configuration on each tetrahedron (Fig. 1.2b). Such a spin configuration is similar
to proton arrangement in water ice (Fig. 1.2a). In H2O ice, an oxygen atom sits at
the center of a tetrahedron and two hydrogen atoms are placed relatively close to
this atom with two other hydrogen atoms being placed relatively further away from
the Oxygen. These rules of hydrogen arrangement around oxygen in ice are called
Bernal-Fowler ice rules. It was found that Ho3+ ion (4f10) could be replaced with
Dy3+ ion (4f9) while maintaining the ice rules. The similarity between structure
of water ice and the spin states in Dy/Ho2Ti2O7 allowed scientists to label these
materials with a moniker ‘Spin Ice’. A total of six spin arrangements that follow
the ice rules are allowed for each tetrahedron in spin ice (out of a total 16 possible),
making the overall crystal of Dy/Ho spins highly degenerate.

Calirometric measurements of Dy2Ti2O7 in zero field revealed a broad peak
in its specific heat ∼1K [10]. The lack of an ordering feature (sharp peak) in
the specific heat C(T ) in the absence of a magnetic field (Fig. 1.3 top left) was
consistent with the understanding of geometrical frustration present in spin ice [9].
The experimental technique used for the measurement of C(T ) involved application
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a b

Fig. 1.2 (a) Structure of water ice consists of an oxygen atom (blue) at the center of a tetrahedron
with two hydrogens (grey) bound close to the oxygen and two hydrogens sitting away from the
oxygen, (b) Spin Ice configuration of Dy2Ti2O7 where two Dy spins point into the center of the
tetrahedron and two Dy spins point out; this is similar to structure of water ice

Fig. 1.3 Top left: Specific heat C(T ) measurements of Dy2Ti2O7 show a lack of an ordering
feature when the compound is in zero field. Bottom left: The residual spin entropy of Dy2Ti2O7
is shown in this plot. Reprinted by permission from [Springer Nature Customer Service Centre
GmbH]: [Nature] [10] (Zero-point entropy in ‘spin ice’, Ramirez et al.), [©] (1999). Right: Sharp
peaks in the specific heat of Dy2Ti2O7 appear when strong magnetic fields are applied. Figure
reproduced with permission from from Ref. [11]. ©(2004) The Physical Society of Japan



4 1 Introduction

of a semi-adiabatic heat pulse to the sample. The equilibration time window for the
sample was set as 15 sec. Since the internal relaxation time of the sample merged
with that of the technique below temperatures of ∼ 0.2K, C(T ) was not well defined
below that temperature. To test whether degeneracy of spin ice broke down at low
temperatures, the total spin entropy of Dy2Ti2O7 was determined by integrating
C(T )/T over a temperature range of 0.2K to 12K. The residual spin entropy of
this compound was found to be �S = (0.67 ± 0.04)R ln 2 short of ∼ 1/3 from
the expected spin entropy from the degeneracy of Ising spin configurations on a
tetrahedron. In later experiments that waited for longer times (∼ 1000s) for the
system to equilibrate, this entropy was found to be restored to the system [12]. Such
conflicting experimental results posed questions about the nature of spin ice ground
state which remain to be resolved. Neutron time-of-flight measurements detailed
how strong crystal fields in the spin ice compounds [13] resulted in splitting the
degeneracy in f-shell occupancy of the RE3+ ions. The lowest energy state was
found to be a doublet composed of mJ = | ± 8〉 for Ho2Ti2O7 and | ± 15/2〉 for
Dy2Ti2O7.

The high-magnetic moment (μ ≈ 10μB ) of the rare-earth ions implicates
long-range dipolar interactions[14] among the Dy spins. A Dipolar Spin Ice
model (DSIM) was developed to describe the energetics of Dy2Ti2O7 (DTO) and
Ho2Ti2O7 (HTO). This model (Eq. 1.1) includes both nearest neighbor exchange J

and dipolar interactions D between the Dy/Ho spins to explain the spin correlations
in these spin ices.

H = −J
∑

〈i,j 〉
Si · Sj + Da3

∑

i<j

[
Si · Sj

|r3
ij |

− 3(Si · rij )(Sj · rij )

|rij |5
]

(1.1)

Here Sz
i is the Ising moment with magnitude of |Si | = 1 and D comes from a typical

estimate of dipolar interaction energy D = (μ0/4π)μ2/rnn, where rnn is the nearest
neighbor distance. J is a parameter determined from fits to measured specific heat
[15]. For Dy2Ti2O7, J ≈ 3.72 K and the dipolar energy is D ≈ 1.41 K.

DC susceptibility measurements of this compound implied a magnetic ordering
temperature of TCW ≈ 1.2K [16], where TCW denotes Curie-Weiss temperature, i.e.
x-axis intercept of inverse susceptibility vs T plot (Fig. 1.4). While in general long-
range dipolar interactions between Dy spins are expected to lift the high degeneracy
in spin ice states, evidence for such a magnetic ordering is not found for Dy2Ti2O7
in its neutron scattering spectra. Dy2Ti2O7 exhibits diffuse scattering (Fig. 1.5) at
different temperatures—20K, 1.3K, 0.3K and 0.05K [17], i.e. both above and below
the Curie-Weiss temperature for this compound. An absence of magnetic bragg
peaks in the spectra throughout the temperature range indicates that magnetic order
does not set in around TCW or below.

The high degeneracy in spin ice states was further explored by studying the mag-
netization in response to a magnetic field. Stark difference between magnetization
of Dy2Ti2O7 when it was field-cooled (FC) and Zero-Field Cooled (ZFC) indicated
history-dependence in magnetic moment of the compound at temperatures lower
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Fig. 1.4 Reciprocal
susceptibility χ vs
temperature allows the
prediction of a magnetic
ordering temperature TCW .
Reprinted figure with
permission from
R. Higashinaka et al., Phys.
Rev. B., 65, 054410 (2002)
Copyright (2002) by the
American Physical Society
[16]

Fig. 1.5 Dy2Ti2O7 neutron scattering spectra measured at a: 20K (top left), 1.3K (top right),
0.3K (bottom left) and 0.05K (bottom right). These experimentally measured spectra show diffuse
scattering with no indication of magnetic ordering down to the lowest temperature. Reprinted figure
with permission from T. Fennell et al., Phys. Rev. B., 73, 134408 (2004) Copyright (2004) by the
American Physical Society [17]
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Fig. 1.6 Magnetization vs applied field curves for a Dy2Ti2O7 sample exhibit hysteresis at
temperatures below 0.65K. Reprinted figure with permission from J. Snyder et al., Phys. Rev.
B., 69, 064414 (2004) Copyright (2004) by the American Physical Society [18]

than 0.65K [18]. Hysteresis was observed in the magnetization of this compound
when a field was cycled through it at temperatures below 0.65K. This hysteresis
vanished and a complete reversibility in magnetization was observed at 0.8K
for Dy2Ti2O7. These memory effects below a certain temperature indicated spin
freezing of this compound below 0.65K (Fig. 1.6).

It is pertinent to note that the high degeneracy in spin ice states is lifted by the
application of high enough magnetic fields ∼ 1T [19]. The signatures of this phase
transition are visible both in the appearance of bragg peaks in neutron scattering
spectra (Fig. 1.7) and onset of sharp peaks in specific heat vs temperature plots when
a high magnetic field is applied [11].

AC susceptibility measurements (Fig. 1.8 left) allowed the determination of
spin relaxation times for Dy2Ti2O7 [21]. This revealed a few different regimes
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Fig. 1.7 Dy2Ti2O7 neutron scattering spectra at 0.05K with zero field applied (top) and when a
field of 1T is applied (bottom). Diffuse scattering disappears and magnetic bragg peaks appear in
the presence of a magnetic field indicating the onset of magnetic order in this compound. Reprinted
figure with permission from T. Fennell et al., Phys. Rev. B., 72, 224411 (2005) Copyright (2005)
by the American Physical Society. Color version of scatter plots courtesy from Dr. O. Petrenko
[20]

Fig. 1.8 left: AC susceptibility measurements of Dy2Ti2O7 allow determination of spin relaxation
times of this compound as a function of temperature. Used with permission from K Matsuhira et
al Novel dynamical magnetic properties in the spin ice compound Dy2Ti2O7. J. Phys. Condens.
Matter 13, L737 (2001) permission conveyed through Copyright Clearance Center, Inc. [21]. right:
Spin relaxation times determined from susceptibility measurements of Dy2Ti2O7 exhibit three
different regimes including spin freezing at temperatures higher than 10K and lower than 4K.
Reprinted figure with permission from J. Snyder et al., Phys. Rev. B., 69, 064414 (2004) Copyright
(2004) by the American Physical Society [18]
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in relaxation times (Fig. 1.8 right) of Dy2Ti2O7 [22]: namely spin freezing at
high temperatures around ∼ 16K as well as at low temperatures T < 4K and
an intermediate plateau region. Later studies of the spin relaxation in Dy2Ti2O7
and Ho2Ti2O7 revealed the existence of a supercooled spin liquid state in these
compounds [23, 24] at lower temperatures. The exact microscopic mechanisms
involved in the spin dynamics in this compound remain to be understood but would
further expound on the different spin freezing regimes observed in these spin ice
compounds despite the lack of chemical disorder.
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Chapter 2
Magnetic Monopoles in Spin Ices

The simplest excitations out of the lowest energy 2-in-2-out configuration of the
Dy spins in Dy2Ti2O7 are not the typically expected spin waves. In fact, individual
spin flips breaking the ice rules are the elementary excitations in this compound.
These individual flips may be generated by temperature fluctuations, or applied
magnetic fields of the order of a few Tesla. Since the pyrochlore lattice is comprised
of interconnected tetrahedra, a single spin flip would result in a 3-out-1-in and 3-
in-1-out spin configuration on two adjoining tetrahedra (Fig. 2.1 left). The center
of a tetrahedron for these positive (negative) defects [1] can be thought of as a
source(sink) of magnetic flux and was thus termed as magnetic monopole (anti-
monopole) [2, 3] for this solid state system. In this chapter, I discuss the energetics of
these monopoles, how they are predicted to interact with each other, as well as some
of the past searches for these elusive particles in Dysprosium Titanate. Towards
the end of the chapter, a new technique employing a Superconducting QUantum
Interference Device is proposed to look for magnetic monopoles.

To understand how these magnetic defects can act like magnetic monopoles, it
is important to understand the dumbbell model (Fig. 2.1 right) that inspired this
picture. In this model, a Dy spin acting like a magnetic dipole μ can be recast as a
dumbbell of opposite signed magnetic charges ±qm = μ/d with separation d. The
ratio between diamond lattice constant d and a is :d = √

3/2a = 4.38Å. In the limit
of this separation tending to zero, the dipolar part of the DSIM is reproduced exactly.
The separation between the two charges d is chosen to be the distance between two
diamond lattice vortices, described by the centers of tetrahedra in the pyrochlore
lattice. Casting each dipole as a dumbbell, the center of each tetrahedron will then
contain four dumbbell ends each of charge either +qm or −qm.

The interaction energy V(rij ) between charges qi and qj (residing on sites i,j,
separated by distance rij ) can be represented by
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12 2 Magnetic Monopoles in Spin Ices

Fig. 2.1 Magnetic monopole charges are created due to spin flips out of the 2-in-2-out lowest
energy state of spin ices. The 3-out-1-in / 3-in-1-out spin configurations are sources and sinks of
magnetic flux that act as magnetic charges ±m∗ and are free to move about the spin ice lattice left:
spin ice model, right: dumbbell model

V(rij ) =
{

μ0
4π

qiqj

rij
rij �= 0

νqiqj rij = 0
(2.1)

The first case represents coulombic interaction between charges ±qm and the second
term is required to accurately capture the effective exchange interaction between
two neighboring dipoles ±Jeff = ±(J + 5D)/3 from the DSIM. It contains a
self-energy representing interaction between opposite charges on the same dipole.
The value of ν can be determined by calculating the interaction energy between two
dipoles in the two possible orientations with respect to each other—both dipoles
pointing towards the center of a tetrahedron, and one pointing in, the other pointing
out and setting this energy equal to Jeff .

ν
(μ

d

)2 = J

3
+ 4

3

[
1 +

√
2

3
D

]
(2.2)

The magnetic charge (mα) residing at the center of tetrahedron rα as shown in
Fig. 2.1 will then be determined by summing up the four charges qα1 , qα2 , qα3 , qα4 .
When the spin ice rules are followed by the spins sitting on the vertices of this
tetrahedron, i,e., there are two positively charged and two negatively charged
dumbbell ends at the center of this tetrahedron, then mα = 0. A monopole is
created when the spin-ice rules are violated on a tetrahedron, i.e. when spins
are arranged in a 3-out-1-in 3-in-1-out fashion. This magnetic defect in a sea of
otherwise spin ice rule following tetrahedra then represents charge of a monopole
being mα = ±m∗. The energy of a magnetic charge configuration containing mα,β

can then be rewritten in terms of the total charges ±m∗ = 2μ/d residing on the
diamond lattice (defined by tetrahedron centers rα)
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Fig. 2.2 Schematic representation of the spin ice excited state in which two magnetic charges
±m∗ are generated by a spin flip, and propagate through the material. A single flip of an Ising
Dy3+ spin converts the 2-in/2-out mα = 0 configuration in adjacent tetrahedra, to a situation with
adjacent mα = ±m∗ for 3-out/1-in in one and mα = −m∗ for 3-in/1-out in the next

H = μ0

4π

∑

α<β

mαmβ

rαβ

+ ν

2

∑

α

m2
α (2.3)

The first term in the Eq. 2.3 represents a Coulombic interaction between magnetic
charges ±m∗. The second, contains ν and enforces the mα = 0 or 2-in-2-out ground
state at T=0. In this picture, the cost of creating two neighboring monopoles ±m∗
can be determined from Eq. 2.3 as � ≈ 2(2ν(μ/d)2) − (

μ0
4πkb

m2
α

r2
nn

) = 5.5K . An

existing 3-out-1-in (3-in-1-out) tetrahedron can be converted to a doubly charged
monopoles ±2m∗ (4-in-1-out and vice versa) with a spin flip of the fourth (out)
spin. At temperatures close to the thermal energy barrier for spin flips out of the 2-
in-2-out-state ∼ 4.35K , a plasma or fluid of these ±m∗, with a small population of
energetically unfavorable ±2m∗ charges [4] would exist due to thermal fluctuations.

In general, the magnetic charges in spin ice can move apart via a sequence of
spin flips on the tetrahedral network of the pyrochlore lattice (Fig. 2.2). A trail
of flipped spins connects the two charges and is colloquially termed as a ‘Dirac
String’, highlighted in yellow in Fig. 2.2. Once a monopole takes a certain path
with a Dirac string trailing behind it, another magnetic charge of the same sign
cannot sequentially traverse the same path [5]. This is because spin flips required
to allow the second monopole of the same sign to traverse a path previously taken
are energetically unfavorable. This obstruction is clearly illustrated in Fig. 2.3. This
poses constraints on motion of magnetic monopoles in Dy2Ti2O7.

2.1 Searches for Monopoles

Since the prediction of the existence of a magnetic monopole fluid was proposed
a decade ago, various experiments have looked for these magnetic charges ±m∗ in
Dy2Ti2O7 [6–12]. A multitude of techniques were employed in these experiments
to detect the existence of monopoles—such as study of μSR decay rates, neutron
scattering and measurement of susceptibility of magnetic fluid in this material. Two
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Fig. 2.3 Schematic diagram of constraint on magnetic monopole motion. top: A pair of magnetic
monopoles has drifted apart via spin flips and are connected to each other via a Dirac string
(highlighted in yellow). middle: A second pair of magnetic monopoles is generated close to the
Dirac string. bottom. Magnetic monopole charge of a certain sign is not allowed to sequentially
traverse the path taken previously by a magnetic charge of the same sign due to energetically
unfavorable spin flips (crossed out spin)
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such experiments are discussed here—each involving a study of the response of the
magnetic monopole fluid to an applied field.

The first experiment studied neutron scattering spectra from DTO and detected
signatures of Dirac strings connecting between monopoles. In zero field, the spectra
exhibited pinch points as expected from the coulomb nature of the spin-ice rules
(Fig. 2.4a). Next, a strong magnetic field was applied along the [001] direction to
magnetize the sample completely and generate a unique ground state. Above 0.6K,
when the applied field was reduced to Kasteleyn field hK = [kBT ln(2)]/(2/

√
3),

a small fraction of the spins were able to overcome the field and flip with the help
of thermal energy. This generated a sparse distribution of Dirac strings executing
a random walk. The resultant neutron scattering spectra exhibited cone-like disper-
sion pattern (Fig. 2.4b), consistent with expectation for diffusion like correlation

(C(x, y, z) ≈ 1
z

exp(γ
x2+y2

z2 )) among the low density Dirac strings. When the
applied field was tilted toward the [011] direction, the random walk of Dirac strings
was biased, and the cone of diffusion collapsed onto sheets of scattering (Fig. 2.4c).
These observations corroborated with simulations of random walks on a pyrochlore
lattice, for both biased and unbiased cases (Fig. 2.4). This experiment showed good
agreement between theoretical predictions and experimentally observed signatures
of Dirac strings executing random walks in Dy2Ti2O7.

Secondly, the prediction of magnetic monopole fluid inspired physicists to
measure the flow of this monopole fluid by applying magnetic fields. Two groups
approached this problem in distinct ways. The first group measured the AC response
of a rod-shaped single crystal of DTO upon the application of a magnetic field [9].
The second experiment performed at Cornell employed boundary free conditions
for detection of monopole flow via emf generated from change of magnetization
(Fig. 2.5a) in both DTO and HTO [10, 11]. In this experiment, the magnetic
‘fluid’ was driven by AC and DC fields each and the response of the fluid was
measured. While the simple Debye picture [1] of a magnetolyte of monopoles
[13] predicted to exist in this system was contradicted by the ac susceptibility
experiments (Fig. 2.5b,c), a more nuanced understanding of the dynamics in these
spin ice materials was deduced [10, 11].

2.1.1 New Proposal

Since magnetic monopoles in spin ice are deemed to be sources or sinks of magnetic
flux, an instrument that can directly detect this flux would be ideal for imaging these
charges. A Superconducting QUantum Interference Device (SQUID) is a highly
sensitive magnetic flux detector that can be used for this purpose. In fact, such an
experiment was carried out in search for the actual Dirac monopole by Cabrera
[14]. The principal scheme for such an experiment is described here. A moving
fundamental magnetic monopole charge m0 passing through a superconducting (SC)
coil changes the flux through the coil by �0 = ±h/e, where �0 is the flux quantum.
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Fig. 2.4 Neutron scattering spectra indicating correlations between Dirac Strings in spin ice
compound Dy2Ti2O7. (a) Observed spectra (left) compared to theoretical prediction of Coulomb
gas phase of spin ice in zero field, (b) Measured spectra (left) of a sparse density of Dirac strings
when field applied along [100] is near Kastelyn transition, stacks up well with predicted spectra
from a random walk of Dirac Strings in the pyrochlore lattice (right), (c) Neutron scattering spectra
measured of a sample in a tilted field towards [110] shows collapse of conical correlations onto
sheets and matches theoretical prediction of biased random walks of Dirac strings. From D. J. P.
Morris et al. Dirac strings and magnetic monopoles in the spin ice Dy2Ti2O7. Science, 326:411–
414 (2009). Reprinted with permission from AAAS
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Fig. 2.5 Susceptibility measurements of Dy2Ti2O7 in a boundary free geometry of the sample
[10]. (a) Schematic diagram of the four-probe transport experiment on a boundary free geometry
of the Dy2Ti2O7 sample. (b,c) Real and imaginary parts of ac susceptibility plotted for two
temperatures. Dashed lines indicate predictions of simple Debye model for magnetolyte of mag-
netic monopoles predicted in this material. Solid curves show best fit of more complex magnetic
dynamics of Havriliak-Negami form predicted for a supercooled liquid. Figures reproduced with
permission from Ref. [10]
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Fig. 2.6 Schematic of fundamental Dirac magnetic monopole with charge m0 traversing, from
x = −∞ to x = +∞, through the input-coil of the SQUID. The magnetic-flux threading the
SQUID changes in total by �0 = h/e

Since the ring is SC, the current generated in the ring due to flux change through it
does not decay down to zero. This results in a step function jump in the output of
the SQUID connected to the SC coil when the magnetic monopole passes through
it (Fig. 2.6). One event was detected during the operation of this experiment.

A similar scheme can be applied to detection of emergent monopoles in spin ice
materials [2]. If a monopole antimonopole pair with charge ±m∗ is generated at the
origin of a SC coil, and the two charges move apart, there’s a flux change �� in
the SC ring is proportional to their charge ±m∗ given by �∗ = μ0m∗ (Fig. 2.7).
The trail of flipped spins connecting the oppositely charged monopoles acts like the
solenoidal Dirac string carrying the flux between the two charges.
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+m*-m*

x

*

0

Φ

Φ∗

0x x

Fig. 2.7 Schematic of two emergent magnetic charges ±m∗ generated in Dy2Ti2O7 at x = 0
by a thermal fluctuation. As each charge departs in opposite directions to x = ±∞, the net flux
threading the SQUID changes in total by �∗ = μ0m∗

Fig. 2.8 Schematic of a plasma of emergent magnetic charges ±m∗ generated in Dy2Ti2O7 by
thermal fluctuations. Instead of a step function signal, we would expect to observe noise from the
plethora of magnetic charges threading the SQUID pickup coil

In the temperature range of 1K-4K, close to the thermal energy barrier of 4.35K
for spin flips in DTO, the density of monopoles is high in a macroscopic sample
of mm size and the magnetic flux signal from such a sample might be expected to
appear as stochastic noise �(t) as shown schematically in Fig. 2.8. The magnitude
of noise is expected to depend on temperature, as monopoles are generated through
thermal spin flips. To search for such magnetic flux noise from monopoles we built
a highly sensitive spin noise spectrometer that uses a SQUID.
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Chapter 3
Experiment

The objective of the experiment presented in this thesis is to perform direct detection
of magnetic monopoles in Dy2Ti2O7. This could be achieved by optimizing the
sensitivity of detector to flux noise from a plethora of monopoles anticipated to
be present in mm-sized samples of Dy2Ti2O7 in the temperature range of 1K-4K.
To be able to detect noise coming from monopole motion alone, it was important
to eliminate all other sources of noise from entering the detector. To that effect, a
custom cryostat was built to house the spectrometer. This chapter details the design
of a 1K cryostat and the apparatus that houses the Dysprosium Titanate sample that
comprise the Spin Noise Spectrometer. Initial observations of flux noise observed in
our experiment and the premise for Monte Carlo simulations of spin fluctuations in
Dysprosium Titanate are also presented. Finally, a new paradigm for understanding
magnetic monopoles: generation recombination noise is introduced.

3.1 1K Cryostat

The operation of a 1K cryostat is based on the concept of evaporative cooling
which has been known to mankind since time immemorial. The boiling point of liq.
Helium is ∼ 4.2K and pumping on this liquid in a closed system reduces its boiling
point. Cooling of the experiment is done in different stages. First, the experimental
apparatus consisting of a vacuum chamber is brought down to 4K by placing the
vacuum can (VC) in a bath of liquid helium. Then a capillary continuously brings
in a small volume of liquid helium from the bath to a copper pot inside the VC.
Once the pot fills up with liquid helium, it is pumped upon via a stainless steel tube
with diameter 3/4 in. This pumping lowers the temperature of the pot and connected
experiment down to ≈1.2K. The volume of the pot has been optimized to be 25
cm3, A schematic diagram of the 1K cryostat in operation is shown in Fig. 3.1. The
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Fig. 3.1 (a) Schematic diagram of 1K cryostat, (b) Photograph of 1K cryostat in operation

‘insert’ for the 1K cryostat with the experiment mounted at the base of the 1K pot
is shown in Fig. 3.2.

The main experimental setup consisting of a DC SQUID Model 550 chip from
Quantum Design and sample holding geometry is connected to the base of the pot.
To ensure optimal thermalization of the experiment to a desired set temperature, the
SQUID chip assembly is held with a thick chunk of brass. The chunk of brass is then
connected to the base of the pot via three thin C-shaped brass connectors to ensure
optimal thermal conductance. The temperature of the experiment is controlled using
PID tools onboard Lakeshore 340 with the help of a thermometer and heater placed
close to the experiment as shown in Fig. 3.3.The thermometer used in the experiment
is a Lakeshore CERNOX placed close to the sample by mounting it on the brass
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Fig. 3.2 (a) CAD drawing of 1K cryostat insert, (b) Photograph of cryostat insert shown
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Fig. 3.3 (a) View of 1K Pot that is thermally connected to (b). SQUID chip and (c) sample holder

assembly holding the SQUID + sample assembly. The heater consists of a 100 Ohm
metal film resistor, again placed next to the SQUID+ sample assembly.

3.2 Spectrometer

The spin noise spectrometer (SNS) setup (Fig.3.4) consists of cylindrical sample-
holder (SH), a ‘saddle’ that holds the SH and mounts it atop the SQUID chip, and the
SQUID circuitry. Commercially available QD 550 SQUID from Quantum Design
is used to construct the SNS. The SH has a concentric hole of diameter 1.4 mm
and length 5.7 mm to hold samples. The design of the SH is modular as samples
of varying geometries that can fit inside the concentric hole of the SH are easily
replaceable with the help of tweezers. Generally, rod-shaped samples of Dy2Ti2O7
are studied in this experiment. A superconducting pickup coil consists of 6 turns of
thin NbTi wire of diameter ∼ 0.09 mm is closely wound around the outside of the
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Fig. 3.4 Schematic representation of Spin Noise Spectrometer: MACOR cylindrical shell with
concentric hole for rod-shaped samples, pickup coil is placed on the outside of the shell, a saddle
shaped MACOR part mounts the sample holder onto SQUID chip

SH. This pickup coil is connected to the input coil of the SQUID via Nb crimp pads.
The inductance of the pickup coil (L≈ 0.25μH) is optimized to match that of the
input coil of the SQUID to maximize coupling between the two coils.

3.2.1 External Noise Insulation of Spectrometer

The SQUID chip and SH assembly is situated inside a strong flux shield made of
a Nb tube with an aspect ratio R∼ 4. This electromagnetic shielding and SQUID
circuitry is optimized by the manufacturer such that the noise floor of the bare
SQUID chip is ∼ 3μφ0/

√
Hz for a bandwidth of 2.5kHz. To insulate the detector

from external noise, no electrical cables are allowed to enter the shielded SQUID
chip setup. The cryostat is placed in an acoustically shielded sound room which
is separate from the room that houses the pot pump to minimize the effect of
mechanical vibrations on the experiment. The measures mentioned here insure
that flux-noise floor of this spectrometer sits at δ� < 4μφ0/

√
Hz in the entire

temperature range of study (shown in Appendix A.1).

3.2.2 Sample Preparation

The Dy2Ti2O7 samples investigated in this experiment were grown in an optical
floating zone furnace in Prof. Graeme M. Luke’s Group at McMaster University. X-
ray diffraction on the resultant crystal was sharp and showed no signs of twinning
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or the presence of multiple grains. Performance of Rietveld refinement on the
diffraction data yields a unit cell lattice constant of 10.129 Å; this implies a
maximum possible level of “spin stuffing” (substitution of Dy3+ions on Ti4+sites)
of ∼ 2.9% and a most likely spin-stuffing fraction< 1%.

Disk shaped Dy2Ti2O7 crystals obtained from Prof. Luke’ group were then cut
into rod-shaped samples with the help of a dicing saw encrusted with diamond bits
on the blade. From previous transport experiments [1] on Dy2Ti2O7 crystals it was
learned that orientation of these crystals does not affect magnetic response of the
material. Therefore, no particular crystal axis direction was chosen when the rod-
shaped samples were cut.

3.2.3 Recording Sample Spin Fluctuations

A typical operation cycle of the SNS aboard the 1K cryostat consists of cooling
down experiment to 1.2K and then using PID controls to vary temperature from
1.2K to 4K with temperature stability at each point of 2.5 mK. Once the temperature
is stable at a desired set-point, spin fluctuations inside DTO sample are detected by
the pickup coil connected to the SQUID input coil. The DC SQUID used in this
SNS operates in a flux-locked loop supported by the electronics on the SQUID chip
and preamplifier. The detected flux is output from the SQUID electronics box as
an analog voltage VSQUID(t) calibrated to the flux detected by a transfer function
(Appendix C.2).

To perform spectral analysis of the signal, VSQUID(t) is fed into a SR780
Dynamic Signal Analyzer with input noise of ∼ 300nV/

√
Hz, much below that

of the SQUID noise floor. The SA then calculates the autocorrelation function C(τ)

of VSQUID(t) and then takes the Fourier transform of C(τ) to generate a power
spectrum (averaged) Sv(ω, T ) that is sent to a PC to be to be recorded. A schematic
diagram of spin noise detection scheme is shown in Fig. 3.5. Unprocessed data
at each temperature consists of 5 datasets of bandwidth (BW) 2.5kHz, each of
which is an outcome of averaging of 1000 acquisitions where acquisition time =
(1/resolution BW), resulting in the measured SQUID output as voltage-flux noise
spectral density detected at the SQUID. This power spectrum Sv(ω, T ) is then
converted to S�(ω, T ) using calibration described in Appendix C.2.

3.3 Initial Observations

The first temperature controlled noise measurements of Dy2Ti2O7, showed that
flux noise from rod shaped samples of Dysprosium Titanate displayed a strong
dependence on temperature and frequency. The noise spectrum at 4K had a distinct
shape—a plateau followed by an eventual decay. The decay could be characterized
by a cutoff frequency, that shifted to a lower value as the sample was cooled.
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Fig. 3.5 Schematic diagram of flux noise detection using a SQUID. The output of the SQUID
is voltage V(t) which is calibrated to flux detected �(t) by the SQUID. This output is fed into a
spectrum analyzer that calculates the autocorrelation function C�(τ) and then the noise spectral
density of the flux S�(ω)

Detection of magnetic monopoles by measuring spin noise of Dy2Ti2O7 was
proposed [2] shortly after our first experiments were conducted. Kirschner et al.
calculated noise of stray field at a distance 10 nm from a Dy2Ti2O7 sample
with Monte Carlo (MC) simulations of the DSIM. Figure 1 of Ref. [2] compares
spin noise from three different spin ice models at two temperatures: 1K and 4K.
We noted that DSIM predicted noise for Dy2Ti2O7 had similar temperature and
frequency dependence to our experimental observation (Fig. 3.6), and established
a collaboration with Prof. S. Blundell to pursue the MC theory relevant to our
experiment.

3.4 Monte Carlo Simulations

The Monte Carlo study simulated thermally generated magnetic configurations of
Dy2Ti2O7 from the Dipolar Spin Ice Model as presented in Eq. 1.1 at a given
temperature and then modeled the spin flip dynamics (Fig. 3.7). Taking into account
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Fig. 3.6 Top: Raw data
S�(ω, T ) from Dy2Ti2O7
measured by our spin noise
spectrometer at two
temperatures. Bottom: MC
calculated noise from stray
field of a Dy2Ti2O7 sample
for different spin ice
hamiltonians. Reprinted
figure with permission from
F. Kirschner et al., Phys. Rev.
B., 97, 140402 (2018)
Copyright (2018) by the
American Physical Society
[2]
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the fact that our measurement was concerned with the bulk of the material, the
simulation scheme calculated magnetic fields from the bulk of a Dy2Ti2O7 sample
instead of stray field a distance away from the sample. In general, these simulations
were carried out on a sample containing 4x4x4 unit cells, each of which contains
16 Dy3+ ions. This is referred to as the MC sample henceforth. Standard MC
procedures were used [3], consisting of 106 cooling steps followed by an interval
of 5000 MC-time-steps, at fixed T. During this interval W, the time dependence
of net z-component of magnetic moment μZ(t) of the whole MC sample is then
simulated. This procedure is then repeated 600 times. The range of temperatures of
these simulations was between 4.0K and 1 K. Because this is a simulation of bulk
magnetization dynamics, periodic boundary conditions were used in all directions.
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Fig. 3.7 Visual
representation of Monte Carlo
simulation of Dy spin lattice
containing 4x4x4 unit cells of
Dy2Ti2O7 (courtesy
Franziska Kirschner). The
3-in-1-out /3-out-1-in spin
configurations are labeled
with red and blue spheres at
the center of those tetrahedra

Precisely, for a given conformation, the z-component of magnetic moment of
the MC sample μZ(t) was found by summing z-components over the individual
magnetic moments of the 1024 Dy spins, where μ ≈ 10μB . The simulated time
dependence of this value at a given temperature T is μZ(t, T ), and is evaluated
sequentially during the time window W. Its autocorrelation function is

CμZ
(τ, T ) = 1

W

∫ W/2

−W/2
μZ(t, T )μZ(t + τ, T )dt[μ2

B ] (3.1)

The predicted spectral density of magnetization noise in the MC sample is then
calculated using the Wiener-Khinchin theorem

SμZ
(ω, T ) = 4

∫ ∞

0
CμZ

(τ, T )cos(ωτ)dτ [μ2
BMCstep] (3.2)

We extract the frequency range 10−4(MC − steps)−1 to 10−1(MC − steps)−1 (the
Nyquist frequency is 0.5(MC−steps)−1). Equation 3.2 was then averaged over the
600 independent simulation runs to the get better precision for SμZ

(ω, T ).
To bring the calculated noise density into more universal units, we use

SMZ
(ω, T ) = (μ2

B)SμZ
(ω, T ))/V 2 [A2m−2MCstep] where V = 6.6X10−26m3

is the volume of the MC sample. In order to compare the magnitude of noise
density from experiment and theory, an estimate of the same from a sample and
pickup coil with dimensions comparable to our experiment were required to be
made. Based on an understanding of sample geometric effects, it was estimated
that N = 2.9 · 1016 ± 20% MC samples are present in the experimental volume.
Therefore SMZ

(ω, T ) was divided by N following statistics of stochastic processes.
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Fig. 3.8 MC estimate of SBz (ω, T ) from a Dy2Ti2O7 sample of equivalent volume to our
experimentally studied sample

The spectral density of fluctuations of z-component of magnetic field B[Tesla]
within the sample is then

SBz(ω, T ) = μ2
oSMz(ω, T )[T2MCstep] (3.3)

Figure 3.8 then shows an approximate estimate of SBz(ω, T ) for our specific
sample geometry calculated by MC simulations using the DSIM (Eq. 1.1).

3.5 Paradigm Shift from Resistor to Semiconductor

With a prediction for magnetic field noise spectral density at hand (Fig. 3.8),
spin noise spectroscopy of rod-shaped Dy2Ti2O7 samples was conducted in the
temperature range 1.2K ≤ T ≤ 4K , and the calibrated S�(ω, T ) is reported in
Fig. 3.9. The general trends of frequency and temperature seen in the experimentally
measured flux noise spectral density from Dy2Ti2O7 and MC calculated field noise
were very similar. However, the rise of noise plateau height with fall in temperature
was quite puzzling (Figs. 3.9 and 3.10).
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Fig. 3.11 Measured thermal noise of an electrical resistor at three different temperatures. Figure
reproduced from Ref. [4]

Naively one might anticipate magnetic monopoles to exhibit thermal noise akin
to electronic Johnson noise (Fig. 3.11)

SV (ω, T ) = 4kBT R

1 + ω2τ 2
(3.4)

Here SV (ω, T ) is the open-circuit voltage fluctuations in a resistor R as a function
of temperature T and frequency ω.

However our experimental observation was strikingly different from Johnson
noise. The low temperature dataset in our experiments sat at a higher plateau
height than the high temperature dataset (Fig. 3.10), whereas the opposite is true
for thermal noise from a resistor. This suggested that perhaps a different mechanism
was needed to explain the microscopic mechanism behind magnetization noise we
were observing.

Noise from generation and recombination (GR) of electrons and holes in
semiconductors exhibits unanticipated temperature dependence. The plateau height
of this electronic GR noise fell with rise in temperature [5]. The temperature
and frequency dependence of such GR noise [5] looked similar to experimentally
measured flux noise from Dy2Ti2O7 (Fig. 3.12).

Thermal noise in a resistor is generated by random motion of electrons due
to their kinetic energy which is directly proportional to temperature. Generation-
recombination noise occurs due to thermally stimulated generation of electron-hole
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Fig. 3.12 Generation
Recombination noise
measured in a Semiconductor.
©(1969) IEEE. Reprinted,
with permission, from IEEE
Transactions on Electron
Devices, 16, 170–177, 1969
[5]
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pairs in a semiconductor and subsequent recombination of electrons and holes. The
rate of generation and recombination of electron and holes are also temperature
dependent. The key difference between the structure of electric noise originating
from two mechanisms is that the height of plateau of thermal noise of a resistor
decreases with temperature, whereas, somewhat counter-intuitively, the height
of plateau of GR noise increases with decreasing temperature. This induced a
paradigm shift in thinking about Johnson noise of magnetic monopoles to noise
from generation and recombination of magnetic monopoles. In the next chapter, we
explore the mapping of statistics of electron-hole generation recombination [6, 7],
onto magnetic monopoles [8].
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Chapter 4
Plasma of Magnetic Monopoles

In the past decade of trying to understand how potential magnetic monopoles would
behave in this material, the focus was on the ’free’/independent motion of this
magnetic charge. However, it was important to keep in mind and realize that these
charges come in pairs of opposite signs. A system similar to this has been in exis-
tence for over half a century and is the basis of modern electronics. To understand
the temperature and frequency dependence of noise from a magnetic monopole
system consisting of equal and opposite charges, it could be instructive to look to
its electronic cousin—the semiconductor with electrons and holes. In an intrinsic
semiconductor, electric charges ±q that are subject to Coulomb interactions may
also undergo spontaneous generation and recombination processes (Fig. 4.1a) that
are well understood [1–3]. Here, thermal generation and recombination (GR) of ±q

pairs generates a spectral density of voltage noise SV (ω, T ) = V 2SN(ω, T )/N2
0 ,

where SN(ω, T ) is the spectral density of GR fluctuations in the number of ±q

pairs. In this chapter the formalism for magnetic monopole antimonopole generation
and recombination is developed. The predictions coming out of this formalism
for the analytic form of magnetic monopole noise are layed out. Finally, Monte
Carlo simulations for Dysprosium Titanate in the temperature range of 1.2K-4K are
compared with the aforementioned predictions.

There is a direct analogy between GR of electric hole pairs ±q and magnetic
±m∗ charges (Fig. 4.1). Magnetic monopoles are spontaneously generated via
thermal spin flips and can recombine at a later time, again with the help of
thermal spin flips. The similarity between generation-recombination in electronic
semiconductors and magnetic monopole housing spin ices was utilized to predict
the magnetic spectral noise density for magnetic monopoles [4]. Here we describe
the statistics of generation-recombination noise arising from thermally activated
magnetic monopole plasma of equal and opposite charges.
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Fig. 4.1 (a) Schematic representation of electronic semiconductor generation of electron-hole
pair stimulated by thermal energy and a recombination process leading to a release of thermal
energy. (b) Schematic diagram of both generation and recombination of magnetic monopoles being
stimulated by thermal energy in a spin ice manifold

4.1 Magnetic Monopole Generation and Recombination
Noise

We define the number of monopole-antimonopole pairs N at a temperature T as
N(T ). At low temperatures, we expect most of the spins in spin ice to follow
the ice rules. Some of the spins flip out of the 2-in-2-out state due to thermal
stimulus and monopoles (3-in-1-out/3-out-1-in) are generated at a rate g(N, T ).
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These monopoles can move about the lattice freely and can recombine with other
monopoles of the opposite charge at a rate of r(N, T ). The master equation
describing the probability P(N, T ) of finding N monopoles at a certain temperature
can be written as follows

dP (N, T )

dt
= r(N + 1, T )P (N + 1, T ) + g(N − 1, T )P (N − 1, T )

− P(N, T )[g(N, T ) + r(N, T )] (4.1)

Here g(N, T ) and r(N, T ) represent the generation and recombination rates of
the monopoles. One pair of monopoles is added or removed by a generation
or recombination event respectively. At thermal equilibrium there exists a most
probable value of number of monopoles at that temperature N(T ) = N0(T ) that
stays constant. We note that in steady state, the rate of generation of these monopoles
will equal the rate of recombination of these monopoles. The exact dependence of
g and r on N and T depends on the microscopics of generation and recombination
process pertaining to the specific system under investigation.

g(N0, T ) = r(N0, T ) (4.2)

Thermal fluctuations can make the system move out of equilibrium momentarily
by changing the number of monopoles by δN so that δN = N − N0. From the
Eq. 4.1, the Langevin Equation for these magnetic charge number fluctuations can
been derived

d〈δN〉
dt

= −〈δN〉
τ(T )

+ √
Aζ(t) (4.3)

Here, τ represents the time constant for N to approach its equilibrium value after
a fluctuation has occurred and A ∝ g(N0), and ζ(t) represents the thermally
generated stimulus uncorrelated in time that has a normalized spectrum such that
Sζ (f ) = 1 [4]. The GR rate τ can be defined as

1

τ(T )
= d(r − g)

dN

∣∣∣∣
N0

= r ′(N0, T ) − g′(N0, T ) (4.4)

Taking the Fourier transform of Eq. 4.3 and taking an ensemble average yields the
predicted spectral density of ±m∗ pair fluctuations as

SN(ω, T ) = σ 2
N(T )τ(T )

1 + ω2τ 2(T )
(4.5)

where σ 2
N is the variance in the number of ±m∗ pairs.
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4.2 Variance of Monopole Pair Number Fluctuations

We can deduce that generation recombination τ(T ) behaves in a manner that
matches our expectations from previous experiments. Decoding what σN(T ) for
magnetic monopoles will shed further light on what Eq. 4.5 can reveal about
magnetic monopole noise. From Eq. 4.1, expanding ln P(N, T ) about its maximum
value ln P(N0, T ) in a quadratic fashion [1, 2] yields

[
∂2

∂N2
ln P(N, T )

]

N=N0

= g′(N0, T )

g(N0, T )
− r ′(N0, T )

r(N0, T )
(4.6)

ln P(N, T ) = ln P(N0, T ) − 1

2
(N − N0)

2
[
r ′(N0, T )

r(N0, T )
− g′(N0, T )

g(N0, T )

]
(4.7)

Thus the expected Gaussian probability distribution of N about its most probable
value N0 is

P(N, T ) = P(N0, T ) exp
[
−(N − N0)

2/2(N − N0)2
]

(4.8)

The variance of monopole number σ 2
N = (N − N0)2 is then determined from

Eqs. 4.6 and 4.8 [1, 2] as

σ 2
N(T ) =

[
r ′N0, T )

r(N0, T )
− g′(N0, T )

g(N0, T )

]−1

= g(N0, T )

r ′(N0, T ) − g′(N0, T )

= g(N0, T ) · τ(T )

(4.9)

4.2.1 Variance for Monopole Number Fluctuations in
Dysprosium Titanate

For emergent magnetic monopoles in Dy2Ti2O7, the equilibrium generation rate at
temperature T within 1.2K and 4K will approximately be g(N0, T ) ∝ exp (−�/T )

[5] where � is the thermal energy barrier for spin flips required to generate
monopoles. It is established from previous experiments that at these temperatures,
that the time constants are given approximately by τ(T ) ∼ exp (�/T ) [6]. This
implies that the variance of magnetic monopole number σ 2

N ∝ exp (�/T ) ·
exp (−�/T ) should be approximately constant in this temperature range.



4.3 Predictions 39

4.3 Predictions

With the tools we have developed in this chapter and the calculations of SBz(ω, T )

from MC, it was now possible to predict the structure of magnetic monopole noise
coming from a Dy2Ti2O7 sample that is studied in our experiment.

1. Analytic form
Monopole number fluctuations arising out of slight differences in generation and
recombination rates of these particles will manifest as fluctuations in flux through
a superconducting coil. We predict that SN(ω, T ) (as shown in Figs. 4.2 and 4.3)
will embody itself in S�(ω, T ) measured by our detector.

S�(ω, T ) ∝ τ(T )

1 + ω2τ 2(T )
(4.10)

Fig. 4.2 Predicted spectral
density of fluctuations in
monopole number SN(ω, T )

from Eq. (4.5), for several
monopole GR time constants
τ , in a range that one might
expect to achieve by cooling
Dy2Ti2O7 from 4K to ∼1K.
The GR plateau in SN(ω, T )

is clear as ω → 0 as is the
ω−2 falloff expected of free
monopole motion for
frequencies ωτ > 1

Fig. 4.3 Normalized spectral
density SN(ω, T )/SN (0, T )

shows variation of
microscopic time constant τ

with temperature
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Fig. 4.4 For magnetic
monopole GR with σN(T )

constant as a function of
temperature,
SN(ω = 0, T ) ∝ τ(T )

Ù

2. GR time constant
The microscopic time constant τ−1(T ) = d(r−g)

dN

∣∣∣
N0

describing GR processes in

Dy2Ti2O7 can be obtained by analyzing S�(ω, T ) as can be seen in Fig. 3.9.
3. Plateau height of Noise vs time constant

As derived for magnetic monopoles, σN(T ) is approximately a constant for
1.2K ≤ T ≤ 4K . When this property of variance of magnetic monopole number
is input into Eq. 4.5, it is found that for ω = 0, SN(0, T ) ∝ τ(T ) as is shown in
Fig. 4.4.

4.4 Comparison with MC Calculations

MC simulations of magnetic noise SBz(ω, T ) from a Dy2Ti2O7 sample by employ-
ing DSIM (Eq. 1.1) demonstrates that spin noise spectroscopy can be used to directly
detect magnetic monopole generation and recombination predicted in DTO. These
simulations also describe how the microscopic time constants in the material, albeit
in MC steps, can vary as a function of temperature. The form of SBz(ω, T ) revealed
by MC studies (Fig. 4.5) is equivalent in its key characteristics to Eq. 4.5 (Fig. 4.2).
Here the relationship S(ω) ∝ ω−2 that holds true at high frequencies for a single GR
time constant in GR theory, is replaced with a more nuanced behavior S(ω) ∝ ω−b

with b(T ) < 2. To explore this enhancement of spin noise from Dy2Ti2O7, MC
simulations of Bz(t) are carried out for a total of three different models of ±m∗
plasma, and characteristics of SBz(ω, T ) from these are compared to the experiment.
These models are described below

1. Dipolar Spin Ice
The dipolar spin ice model (DSIM) leads to a lowest energy state of Dy
spins pointing in 2-in-2-out state on each tetrahedron (Fig. 1.2). As previously
discussed, the violation of this rule by a spin flip causes generation of a monopole
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Fig. 4.5 Predicted spectral density of magnetic field fluctuations within the Dy2Ti2O7 sample
SBz (ω, T ) from MC simulations using the Hamiltonian in Eq. 1.1 in a range 1K ≤ T ≤ 4K . The
solid lines represent the functional form SBz (ω, T ) ∝ τ(T )/(1 + (ωτ(T ))b(T )) that was used to fit
the MC predictions

anti-monopole pair with charge ±m∗ or doubly charged pair with charge ±2m∗
[7]. The energy of two nearest-neighbor monopoles is 3.06K, and the energy to
create one monopole is � = 4.35K . Since the spins sit on tetrahedral corners,
magnetic monopole motion is guided by spin flips in a topologically constrained
fashion. These monopoles experience a strong coulombic force between the ±m∗
charges.

2. Nearest Neighbor Spin Ice
The nearest-neighbor spin ice (NNSI) Hamiltonian is considered by setting D=0
in Eq. 1.1. It suppresses the effects of long-range coulombic interactions. J is
chosen such that the system still has a 2-in-2-out ground state, while having the
same density of excitations as DSI at a given temperature. This system still has
monopole-like excitations, but greatly reduced force between the monopoles.

3. Free plasma
Free plasma refers to a system of magnetic charge pairs ±m∗ moving freely in
the absence of Coulomb interactions or topological constraints due to the Dirac
strings in Dy2Ti2O7. The model is specified in Eq. 2.3 with ±m∗ charges located
on the sites of a diamond lattice.
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In the next chapter, the above listed predictions are tested with respect to
experimentally measured S�(ω, T ) shown in Fig. 3.9.
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Chapter 5
Analysis

The experiment we conduct is based on the premise that monopoles traversing the
pickup coil of a SQUID will thread flux �∗ through it, proportional to their charge
±m∗. Instead of step function jumps in the SQUID signal (Fig. 2.7), a magnetic
noise �(t) (Fig. 2.8) is expected to be detected by the highly sensitive flux noise
spectrometer developed for this experiment. This noise originates from a thermally
stimulated dense plasma of monopoles that get generated and may recombine in
the temperature range 1.2K ≤ T ≤ 4K . In this chapter, the experimental results
of Spin Noise Spectroscopy of Dysprosium Titanate are presented and analyzed.
These results are then compared to the predictions made by the analytic formulation
of generation recombination noise as well as Monte Carlo simulations of spin noise
coming from a Dy2Ti2O7 sample.

Our measurements of this magnetic noise S�(ω, T ) have revealed a strong
temperature and frequency dependence. We discover that the noise has a distinct
shape—a plateau at low frequencies (ωτ � 1) and an eventual decay at higher
frequencies (ωτ � 1). The inflection point for this noise (ωτ ≈ 1) can reveal
details about the microscopic time constant in the monopole motion through the
material. We find that the temperature dependence of the detected S�(ω, T ) is
counter-intuitive.

5.1 Analytic Structure of Noise

Flux noise from a sample of Dy2Ti2O7, which is theoretically presumed to host
a plasma of magnetic monopoles, is measured via spin noise spectroscopy. To
check if noise originating from generation and eventual recombination of magnetic
monopoles as outlined in the previous chapter best explains the structure of our
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Fig. 5.1 Measured spectral density of flux-noise S�(ω, T ) from a Dy2Ti2O7 sample in the range
1.2K ≤ T ≤ 4K . The left-hand axis is the magnetic-flux noise spectral density S�(ω, T ); the
right-hand axis is an estimate of the equivalent magnetic-field noise spectral density SBz (ω, T )

averaged over the Dy2Ti2O7 samples. The best fit to the function τ(T )/(1 + (ωτ(T ))b(T )) shown
as a fine solid curve. Overall we find S�(ω, T ) of Dy2Ti2O7 to be constant for frequencies 1Hz
< f (T ) = 1

2πτ(T )
, above which it falls off as ωb

measurements, each data set S�(ω, T ) was fit to the Eq. 4.10 with the best fit
shown as a solid curve in Fig. 5.1. The free parameters for the fits were : GR time
constant τ(T ), S�(0, T ), and b. The fit qualities are excellent at all temperatures
with R2 > 0.99. The residuals for these fits and further details of the data analysis
are shown in Appendix A.3. We find that the magnetic-flux noise spectral density
of Dy2Ti2O7 is constant for frequencies from near 1Hz up to an angular frequency
w(T ) 1/τ(T ), above which it falls off as ω−b where b spans a range between 1.2 and
1.5. We find that the overall characteristics of GR noise are retained in the magnetic
noise spectrum observed. The behavior of each of these parameters is discussed in
the following text.

5.2 Extraction of Time Constant

When variation of S�(ω, T ) is examined in the frequency domain (Fig. 5.1), it is
found that the inflection point for the noise plateau changes with temperature. A
qualitative understanding of this phenomenon can be gained by looking at the nor-
malized noise spectra S�(ω, T )/S�(0, T ). This function is plotted in Fig. 5.2 and
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Fig. 5.2 Normalized spectral density of flux noise S�(ω, T ) /S�(0, T ) coming from a Dy2Ti2O7
sample, revealing the divergence of the time constant τ(T ) toward longer times at lower
temperatures

it is apparent that τ(T ) evolves rapidly toward longer times at lower temperatures.
The shape of normalized spectra is identical to that predicted by analytical GR noise
shown in Fig. 4.3.

To quantitatively study how the GR time constant varies with temperature we
now focus on τ(T ) extracted by fitting S�(ω, T ) to Eq. 4.10. From this procedure,
we find that τ(T ) diverges at low temperatures (Fig. 5.3), indicating freezing. The
rate of this divergence is not Arrhenius (τ (T ) = A exp(�/T )) as is expected for a
thermally activated process, but described by the Volger-Tammann-Fulcher (VTF)
equation where D is not Dipolar coupling, but a dimensionless constant

τ(T ) = τ0 exp

(
DT0

T − T0

)
(5.1)

In previous susceptibility experiments, the relaxation time constant of Dy2Ti2O7
was studied by measuring the response of the magnetization of the material to
an applied field. It has been established empirically that the susceptibility-derived
microscopic time-constants τM(T ) involved in magnetic dynamics of Dy2Ti2O7
diverge with decreasing T [1–3] and are heterogeneous [4, 5]. There have been many
ac susceptibility measurements of Dy2Ti2O7 in different sample shapes ranging
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from polycrystalline samples [2] to toroidal single crystals [4, 5]. Yaraskavitch et al.
established that the time constants τM(T ) measured from SQUID-based suscepti-
bility measurements of rod shaped samples were in good qualitative agreement with
τM(T ) reported in both in Snyder et al. and Matsuhira et al. Eyvazov et al. verified
quantitative agreement between τM(T ) from their susceptibility measurements and
τM(T ) from Yaraskavitch et al.

From Fig. 5.3 we can see that τ(T ) obtained from our flux-noise experiments
clearly follows a quantitatively equivalent trajectory to the ac susceptibility τM(T )

of Refs. [4] and [5] which also exhibit a VTF form. The VTF parameters for the
τ(T ) obtained from flux noise measurements and ac susceptibility experiments of
Eyvazov et al. are shown in Table 5.1. Thus our measurements of τ(T ) corresponds
well with the τM(T ) derived from numerous susceptibility studies that are widely
cited for this material [1–5]. This correspondence between τM(T ) and τ(T )

remains to be understood at the level of quantitative microscopic theory. Theoretical
calculations involving quantum tunneling describing spin flips in Dy2Ti2O7 at these
temperatures may shed further light on this issue [6].
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Fig. 5.3 Plot of time constant from fits to measured S�(ω, T ) data as shown in Fig. 5.1. The flux-
noise derived time constant behaves in a super Arrhenius fashion

Table 5.1 Table comparing
the τ(T ) VTF parameters for
SNS and AC susceptibility
experiments [5]

Measurement τ0 (sec) D T0 (K)

Flux noise 9.8 × 10−5 11 0.25

AC susceptibility 1.4 × 10−4 14 0.26
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5.3 Linear Relationship Between S(0, T ) and τ(T )

One of the most intriguing observations arising from measurements of S�(ω, T )

was that that plateau height of the noise increased as T decreased (Fig. 3.10). GR
noise of magnetic monopoles directly predicts the growth of S�(ω = 0, T ) with
falling temperature as a natural consequence of S�(ω = 0, T ) ∝ τ(T ), and τ(T )

diverging at low temperatures in DTO. In Fig. 5.4 measured S�(0, T ) is plotted
against measured τ(T ) from fits in Fig. 5.1 where T is the implicit variable for
the temperature range of our experiment. Thus we find that S�(0, T ) ∝ τ(T )

throughout the full T range.
The relationship between the S�(ω = 0, T ) and τ(T ) is a result of σN(T ) in GR

noise of monopole number fluctuations in DTO being approximately a constant as
a function of T in the range of 1.2K-4K. Kluyev et al. make a similar assumption
while working out an expression for SN(ω), however a physical reasoning for this
is not provided in Ref. [7].

5.3.1 Variance of Monopole Flux Noise

The quantity σ 2
�(T ) is measured at each temperature by integrating measured

monopole flux noise S�(ω, T ) with respect to frequency for the entire bandwidth.

σ 2
� =

∫ ∞

0
S�(ω, T )dω (5.2)

Fig. 5.4 S�(0, T ) plotted
versus τ(T ) as measured
from fitting data in Fig. 5.1.
Observation that
S�(0, T ) ∝ τ(T ) for
Dy2Ti2O7 throughout the full
temperature range is a key
expectation for ±m∗ GR
magnetic-flux noise
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Fig. 5.5 Plot of measured
variance of flux σ 2

� shows
that it is approximately
constant as a function of
temperature, in the entire
temperature range of our
experiment

1 2 3 4
Temperature (K)

0

0.02

0.04

0.06

0.08

0.1

0.12

2
 (

02 )

From Fig. 5.5, it is noted that σ 2
� is weakly dependent on temperature. This validates

monopole GR theory prediction for σ 2
N(T ). Figure 1.8 suggests that different

activation processes describe the dynamics of spin ices, and that τ(T ) across a wide
temperature range has different behaviors. A deeper understanding of why σ 2

� is
approximately constant in the range of 1.2K–4K would be revealed by extending
the temperature range of the experiment and knowledge of the exact mechanism of
spin flips [6] determining the generation and recombination rate of monopoles.

5.4 Comparison with MC Calculations

Finally we examine our experimental measurements in the context of MC calcula-
tions of magnetic field noise coming from Dy2Ti2O7. The MC study of magnetic
field fluctuations arising in a sample of Dy2Ti2O7 by simulating the spin flips
according to DSIM (Eq. 1.1) is an important and profound prediction for magnetic
field noise we should expect to see in our experiment.

To compare the MC calculations and experiment on the same footing, it would
be useful to have x-axis of Fig. 3.8 in actual time units. This is done by converting
from MC-step to seconds (described in Appendix C.2), so that angular frequency
for MC ω(rad/sec)=2π /t(sec) and SBz(ω, T ) [T2 s].

From Fig. 5.6 we see that both experiment S�(ω, T ), and MC SBz(ω, T ) from a
Dy2Ti2O7 sample retain the overall characteristic predictions of GR noise (Fig. 4.2)
as is apparent from respective fits to the functional form SB(ω, T ) ∝ τ/(1+(ωτ)b).

It is now possible to test the prediction of S(ω = 0, T ) ∝ τ(T ) for MC magnetic
field noise from magnetic monopole GR theory. When SBz(0, T ) is plotted versus
τ(T ) (Fig. 5.7 bottom), they are approximately proportional, once an offset to all
values of SBz(0, T ) due to numerical Nyquist (sampling) noise is considered.
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Fig. 5.6 Top: Predicted spectral density of magnetic field fluctuations within the Dy2Ti2O7
sample SBz (ω, T ) from MC simulations using the Hamiltonian in Eq. 1.1 in a range 1K ≤ T ≤
4K . Bottom: Measured spectral density of flux-noise S�(ω, T ) from Dy2Ti2O7 samples n the
range 1.2K ≤ T ≤ 4K . The left-hand axis is the magnetic-flux noise spectral density S�(ω, T );
the right-hand axis is an estimate of the equivalent magnetic-field noise spectral density SBz (ω, T )

averaged over the Dy2Ti2O7 sample
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Fig. 5.7 Top: Predicted
relationship from Dy2Ti2O7
MC simulations of BZ(t), of
SBz (0, T ) versus τ(T ) for the
GR fluctuations of a ±m∗
magnetic charge plasma.
Note that all SBz (0, T ) are
offset by a constant along the
y-axis due to artifacts of
Nyquist (sampling) noise at
the high frequency end of the
MC calculations. Bottom:
S�(0, T ) plotted versus τ(T )

as measured from fitting data
in Fig. 5.1. Observation that
S�(0, T ) ∝ τ(T ) for
Dy2Ti2O7 throughout the full
temperature range is a key
expectation for ±m∗ GR
magnetic-flux noise
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We note that the size of MC calculated magnetic field noise spectra differs from
the experimentally measured SBz(ω, T ) by three orders of magnitude. Since the
scaling from MC simulation to experimental mm size sample involves a volume
ratio of 1016, it is hardly surprising that the flux noise magnitudes detected are
different than expected by this amount. While finite size scaling of MC simulations
for DSI Hamiltonians has been done in the past [8], estimating the magnitude of
the flux noise to be expected for a mm-scale sample of Dy2Ti2O7 is a challenge for
future MC simulations.

From the GR fits, it is found that the the power law of frequency for decay of
GR noise, i.e. b(T ) in SB(ω, T ) ∝ τ/(1 + (ωτ)b) is less than 2 for both experiment
and MC. The modified b(T ) suggests new physics that cannot be described by a
simple theory of free magnetic monopole plasma that has been derived so far [7].
We discuss implications of this revelation in the next chapter.
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Chapter 6
Correlations in Magnetic Monopole
Motion

To understand the correlations in ±m∗ GR noise, we compare our experimental
knowledge to SBz(ω) MC predictions made by three different spin interaction
hamiltonians for spin ices as explained in Sect. 5.4. By varying certain parameters
like dipolar coupling D or constraints on ±m∗ motion, we learn about how the
magnetic monopole noise is more complex than that of a free plasma of ±m∗
charges.

6.1 Power-Law Exponent b

The MC predictions of exponent b for the power-law falloff of magnetic-flux noise
from the three theories DSI (blue), NNSI (green) and free monopoles (red) can
be determined by fitting each simulated SBz(ω, T ) to τ(T )/(1 + (ωτ(T ))b(T )).
The results are shown in Fig. 6.1. Experimentally measured b(T ) from fitting to
SBz(ω, T ) in Fig. 5.1 are shown as black dots.

We find that amongst the three ±m∗ dynamics models studied, DSIM predictions
for the exponent b, are most consistent with the experimental measurements of
b. This indicates that both topological constraints (lacking in the free plasma
model) and strong dipolar interactions between spins (suppressed in NNSI) play
important roles in magnetic monopole dynamics in Dy2Ti2O7. The slight difference
between DSIM b(T ) and experimental b(T ) suggests that the correlated monopole
dynamics is more complex than can be anticipated by available MC simulations.
A fully accurate Hamiltonian for the spin dynamics of Dy2Ti2O7 or Ho2Ti2O7 is
known to more complex than the spin-ice Hamiltonian of Eq. 1.1, with significant
effects from correlations [1]. However, simulation of the dynamics in such complex
Hamiltonians, that may require more near neighbor exchange parameters, exceeds
the numerical capacity of MC simulations today.
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Fig. 6.1 Monte-Carlo prediction of exponent b in SBz (ω, T ) ∝ τ(T )/(1 + (ωτ(T ))b(T )) for
the three magnetic charge dynamics theories. These are the DSI model (blue); the NNSI model
(green); the free plasma model (red). Measured exponent b from fitting S�(ω, T ) ∝ τ(T )/(1 +
(ωτ(T ))b(T )) for all data in Fig. 5.1 is shown in black. The time constants τ(T ) of the MC
SBz (ω, T ) and of the S�(ω, T ) data are not free parameters here

6.2 Autocorrelation Function

Monte-Carlo simulations for Dy2Ti2O7 can directly predict the autocorrelation
function CBz(t, T ) of magnetic field fluctuations Bz(t) [2] as described in Sect. 3.4.
Figure 6.2 shows log[CBZ

(t, T )/CBZ
(0, T )] predictions for three distinct magnetic

charge dynamics theories at T=1.2K. The first MC model (blue) describes ±m∗
magnetic charge plasma of dipolar spin ice (DSI) which has Coulomb-like inter-
particle interactions, and in which the existence of a Dirac-string (yellow Fig. 2.2)
produces very strong constraints by preventing another monopole of the same charge
from following the same route (Fig. 2.3) [2, 3]. The second MC model (green) is
the nearest neighbor spin ice model (NNSI) in which Coulomb-like inter-particle
interactions are absent but Dirac-string constraints present. Our final model (red)
is a neutral plasma of ±m∗ magnetic charges that is topologically unconstrained.
For comparison, the measured autocorrelation function log[CBZ

(t, T )/CBZ
(0, T )]

of magnetic-field fluctuations BZ(t) is plotted in black and with a best-fit curve
overlaid.

Clearly, the DSI model, including Coulomb-like interactions and Dirac-string
topological constraints, is far more consistent with measured correlations in this
system. Moreover, the NNSI model which lacks the Coulomb-like interactions,
is inconsistent with the experiment, and short time correlations appear to be
completely absent. Except for evolution of the time constant τ(T ), these correlation
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Fig. 6.2 For T=1.2K, the Monte-Carlo simulation prediction of the autocorrelation function
log[CBz (t)/CBz (0)] in the field fluctuations Bz(t) for three models of the spin dynamics of
Dy2Ti2O7. The DSI model contains Coulomb-like interactions and constraints on repeated passage
of a same-sign monopoles along the same trajectory due to Dirac strings (green); the nearest
neighbor spin ice model (NNSI) has had the Coulomb interactions suppressed (blue); the free
monopole plasma (red) is in-keeping with free monopole GR theory. The measured autocorrelation
function log[CBz (t)/CBz (0)] of magnetic-field fluctuations Bz(t) of Dy2Ti2O7 is plotted in black
and overlaid with a fit function; the experimental error bars are smaller than the data points. Clearly
the autocorrelation function of the DSI model corresponds best to the measured CBz (t). We note
that the distinction between the single slope (red) for the free monopole plasma, and the more
complex predicted CBz (t) for the other cases, represents microscopically a distinction between
a simple process involving a single time constant vs. a more complex one, potentially involving
a spread of relaxation time constants. Most importantly, the measured CBz (t) (black) shows that
magnetization dynamics is obviously strongly correlated in time

phenomena are virtually unchanged within our temperature range. We note that
the distinction between the single slope (red) for the free monopole plasma, and
the more complex predicted CBZ

(t) for the other cases, represents microscopically
a distinction between a simple process involving a single time constant vs. a
more complex one. Most importantly, the measured CBZ

(t) (black) shows that
magnetization dynamics is obviously strongly correlated in time.

We note that the curved shape of CBZ
(t) for experiment and DSIM (Fig. 6.2 black

and blue dataset) indicates heterogeneous timescales. Kluyev et al. predict that a
distribution of microscopic spin relaxation timescales should result in a combination
of noise spectra, Si(ω) ∝ τi/(1 + (ωτ)2), for each time scale τi in the distribution.
The result would be a total noise spectrum S(ω) ∝ τ/(1 + (ωτ)b) where τ is a
central value and b is controlled by the relative weights of the different τi .

Comparison between simulated and measured autocorrelation functions
CBz(t, T ) and falloff exponents b, for magnetic-flux noise in Dy2Ti2O7 reveals
that the DSI model is most consistent with the observed phenomenology. To
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achieve precise agreement may require adjustment of the J, D terms [1] in Eq. 1.1,
or better control over finite size scaling effects [4]. But overall, the data in Figs. 6.1
and 6.2 imply that the power-law signatures of strong correlations observed in
both log[CBz(t)/CBz(0)] and SBz(ω, T ) are occurring due to a combination of the
existence of a Dirac-string trailing each monopole (Fig. 2.2) and the Coulombic
interactions.
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Chapter 7
Fluctuation Dissipation Theorem

In our experiment, we have measured spin noise spectrum of a Dysprosium Titanate
sample at equilibrium, from 1.2K to 4K using a DC-SQUID. From the Fluctuation
Dissipation (FD) theorem, we know that statistical fluctuations in a physical variable
of a system are related to the linear response to a small force applied to the system.
In this chapter our experimental results of flux noise coming from a sample of
Dy2Ti2O7 are discussed in the context of previous boundary-free AC susceptibility
measurements of Dysprosium Titanate.

If we take the system as magnetic monopole fluid in Dy2Ti2O7, the power
spectrum of the fluctuations of magnetic field in this fluid is related to χ ′′(ω, T ),
the imaginary part of susceptibility of the magnetic fluid to small external forces

SBz ∝ χ ′′(ω, T ) · kBT

ω
(7.1)

With the SNS, we have measured the flux noise spectral density S�(ω, T ) ≈
〈�2(ω, T )〉 generated due to equilibrium thermal fluctuations in Dysprosium
Titanate. This flux noise S�(ω, T ) is proportional to magnetic field noise SBz(ω, T )

picked up by our spectrometer.

S�(ω, T ) = 〈�2(ω, T )〉 = σ 2SBz (7.2)

where σ is the area of the SQUID input coil. Using our measurements of S�(ω, T )

and equivalent SBz(ω, T ) (Eq. 7.2) for a Dy2Ti2O7 sample, χ ′′(ω, T ) was deter-
mined (Fig. 7.1) in arbitrary units (Eq. 7.1).

This measured χ ′′(ω, T ), extracted from flux noise measurements was then fit
to the Havriliak Negami form of χ ′′(ω, T ) that Kassner et al. [1] ac susceptibility
experiment determined as

χ(ω, T ) = χ∞ + χ0

(1 + (iωτ)α)γ
(7.3)
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Fig. 7.1 Imaginary part of susceptibility of a fluid of monopoles in Dy2Ti2O7 in arbitrary units,
extracted from our S�(ω, T ) measurements, vs frequency is plotted here for temperature range of
1.2K to 4K

Free parameters for the fitting procedure were χ0, τ , α and γ . The fits are of
good quality, with R2 > 0.99 for all temperatures studied (Fig. 7.2). We have
demonstrated some elements of the FD theorem for Dy2Ti2O7 samples by using
our spin noise studies to predict imaginary part of susceptibility for this material.
The functional form of χ ′′

�(ω, T ) is equivalent to that of χ ′′
M(ω, T ) determined by

Kassner et al. [1].

7.1 Sample Geometry Effects

There is a slight difference between τ� and τM and might be present due to
sample geometries in the two experiments being quite different. It will require
quantitative tests to establish a relationship between geometry of sample and the
microscopic time constant τ� (extracted from fit shown in Fig. 7.1). As noted in
some previous transport measurements [2], edges of a rod-shaped magnetic sample
create demagnetizing stray fields that are picked up by a detector.

Shape effects could occur in such spin noise measurements. This is because even
though we are measuring a cuboidal sample with a coil around the middle, spins
at the ends of the sample still contribute partially. Our experiments measure flux
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Fig. 7.2 Imaginary part of susceptibility for a Dy2Ti2O7 sample vs frequency from Kassner et al.
is plotted here for temperature range of 0.8K to 3K. Figure reproduced with permission from from
Ref. [1]

through the pickup coil due to the dipole fields from spins in the sample, and the
noise is coming fundamentally from spin flips (aka monopole hops). The flux at the
pickup coil due to a single spin in the sample depends on where that spin is and
which way it is pointing. Some spins are invisible (e.g. spins pointing to a direction
in the xy plane) and some have a greater effect, e.g. spins close to, but not at the
edge, in or near the plane of the coil, pointing along z. If there is a fluctuation of
the magnetic moment of the whole sample, resulting in a net moment, then that
would produce a net demagnetization field which all the spins would experience,
potentially affecting their dynamics, and that demagnetization field would be shape-
dependent.
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Chapter 8
Conclusions

Noise is an entity that most scientists attempt to sideline in their measurements.
There may however be some benefits to examining the characteristics of noise
intrinsic to a black box that one is studying. A famous example of the usefulness of
such a study is the discovery of the Cosmic Microwave Background that stemmed
from an unprecedented measurement [1]. In this thesis, the intrinsic noise coming
from a single crystal of Dy2Ti2O7 was studied and a microscopic understanding
of the inner workings of this material were developed. In conclusion we observe
that virtually all the elements of S�(ω, T ) predicted for a magnetic monopole
plasma, including the existence of intense magnetization noise and its characteristic
frequency and temperature dependence, are detected. Moreover, comparisons of
simulated and measured correlation functions C�(t) of the magnetic-flux noise �(t)

imply that the motion of magnetic charges is strongly correlated. At the end of the
chapter, directions for some future experiments are presented.

We introduced a novel SQUID-based spin noise spectroscopy technique to
studies of lanthanide-pyrochlores, namely Dy2Ti2O7 which is a Dipolar Spin Ice
material. Theoretical predictions for the magnetic-flux signature of a plasma of
magnetic charges ±m∗ spin ice are tested for Dy2Ti2O7. Monte-Carlo simulations
predict the existence of a strong magnetization noise intrinsic to spin ice materials.
Our work reports the observation of the predicted magnetic-flux noise for the
first time [2]. The frequency and temperature dependence of the magnetic-flux
noise spectrum S�(ω, T ) predicted for ±m∗ magnetic charges undergoing thermal
generation and recombination (Figs. 4.2, 4.3, 4.4) is confirmed directly and in detail
(Fig. 5.1). The expected transition from a plateau of constant magnetic-flux noise
[3, 4] for ωτ(T ) � 1, due to random-fluctuations, to a power-law falloff [4]
for ωτ(T ) � 1, is observed throughout (Fig. 8.1). The prediction of S�(0, T )

proportional to τ(T ) holds true for both MC simulations of DSIM for DTO and
our experiment (Fig. 8.1bottom)

These S�(ω, T ) characteristics are distinctive to spin ices. This is because the
magnetization-noise spectral density signature of a ferromagnet [5], a classic spin
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Fig. 8.1 A comparison of MC predicted SBz (ω, T ) characteristics with experimental measure-
ments of S�(ω, T ) is shown here; both exhibiting equivalent characteristics to magnetic monopole
generation and recombination noise predicted in Sect. 4.3

glass [6] both exhibit 1/ω dependence which is very different from frequency
dependence of flux noise measured in our experiment. On the other hand, the
observed phenomenology of S�(ω, T ) in Dy2Ti2O7 is quite analogous to that of
voltage-noise spectral destiny from GR of electron-hole pairs in semiconductors
[7–9].

It is important to note that the spin ice MC calculations do not assume the
existence of magnetic monopoles in spin ices, but instead find that monopoles
are generated spontaneously. These calculations employ the DSIM to simulate
different spin configurations of a tiny sample of Dy2Ti2O7 at different temperatures.
The fact that the spin noise calculated for a MC sample of Dy2Ti2O7 exhibit
the characteristics described by generation recombination theory for magnetic
monopoles provides strong indication for the existence of monopoles in Dy2Ti2O7.
Experimental measurements of equilibrium flux noise originating from thermal
fluctuations generating spin flips display a good correspondence with characteristics
predicted by generation-recombination statistics of magnetic monopoles. A collec-
tive picture of both experimental observations of S�(ω, T ) and MC calculations of
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SBz(ω, T ) from Dy2Ti2O7 showing the magnetic monopole GR attributes (Fig. 8.1)
add to the growing evidence for the existence of magnetic monopoles in spin ices
[10–12].
The additional refinement of the generation-recombination for magnetic monopoles
in spin ices observed in the modified power law for ω is understood by studying
different magnetic charge dynamic models. The comparisons of power law ’b’
observed in experiment and the different models indicate the existence of correla-
tions in magnetic monopole dynamics. The presentation of autocorrelation functions
CBz(t)/CBz(0) show us good correspondence between experimental measurements
and the DSIM which includes both dipolar interactions and Dirac string constraints.
These observations further the understanding of the affect of correlations in spin ice
magnetic monopole plasma. Overall, we find detailed and comprehensive agreement
between current theories for thermal generation and recombination of a correlated
±m∗ magnetic monopole plasma and the phenomenology of magnetic-flux noise
spectral density in Dy2Ti2O7 that is revealed by spin-noise spectroscopy.

8.1 Future Directions

8.1.1 Telegraph Noise

Although the monopole noise spectral density has not yet been measured in the
sub-kelvin temperature range, it is our immediate objective, but one that will
require construction of a next-generation spin noise spectrometer based on a dilution
refrigerator. We have chosen this temperature range carefully since the density
of monopoles is optimal for measurement of this kind of noise. Furthermore, we
actually anticipate that the simple magnetic-flux noise spectrum of a monopole
plasma studied here, will disappear quickly and transform into a telegraph noise
spectrum at slightly lower temperatures as predicted by generalizations of the GR
model [8]. These are challenges that can only be addressed in future research.

8.1.2 Understanding Correlations Analytically

Noting that the power law for ωτ in the expression for spin noise does not equal
two as expected suggests a deeper look into the derivation of monopole number
fluctuations causing generation recombination noise. The last term in the Langevin
equation describes an uncorrelated stimulus to the monopole number changing as a
function of time. However it is known that the monopoles are allowed to move only
on the centers of tetrahedra the Dy spins sit on. This constrains the motion of these
monopoles in a way that is quite different from that of a free monopole plasma.
Correlations arising from such constraints are expected to be added to the last term
in equation.
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8.1.3 Magnetic Fingerprints

Employing the technique of spin noise spectroscopy has revealed fingerprints of
magnetic monopole plasma in Dy2Ti2O7. This technology shows promise to the
detection of other exotic magnetic states such as spin liquids [13], fast monopoles
[14], quantum spin ices [15] etc.
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Appendix A
Structure of Raw Data

A.1 Background Noise

The noise spectral density floor measured for empty pickup coil in the SNS, i.e.
background noise S

bcg
� , is fit to a smooth polynomial function S

f
�. Since the noise

floor does not vary with temperature, the same function S
f
� is then subtracted

from all datasets SDT O
� (ω, T ), to obtain the uncalibrated noise spectral density

S�uncal(ω, T ) dataset. An example of the raw noise spectral density, and post-
processed (PP) noise spectral density is shown in Fig. A.1.

Fig. A.1 A typical noise
spectrum from DTO (here at
4.00K) is shown for raw
signal (green open diamond)
and with smooth function fit
(dark red line) to background
noise spectrum (open circle,
red) subtracted from the raw
signal (green full diamond)
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A.2 Mechanical Noise Peaks

We observed that there were some peaks in our noise spectra that were unaccounted
for (Fig. A.2). The height of these peaks varied with temperature. We attributed
those to mechanical noise from wires in the spectrometer (though glued down)
vibrating at those frequencies. These noise peaks were manually deleted from the
spectra we report in our experiment.

A.3 Fits of GR Spectral Density to Experimental Data

This post processed data is then fit to empirical equation 4.10 using Least Squares
method for a BW of 16Hz–2.5kHz for all temperatures. While the plateau in flux-
noise spectral density S�(ω, T ) goes down to at least 1Hz for all temperatures, to
optimize data acquisition times to ∼1 hour per temperature, for all spectra reported
in Fig. 5.1, the lower limit for BW of data for regression analysis is set at 16Hz. The
time constant τ(T ), power law for frequency b(T ) and S�(0, T ) are free parameters
in the fitting procedure and fits for all temperatures are of high quality with R2 >

0.99. The residuals for these fits are shown in Fig. A.3.
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Fig. A.2 Noise floor at different temperatures exhibiting mechanical noise peaks that were
removed from S�(ω, T )
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Fig. A.3 Residuals
S�(ω, T ) − SFIT (ω, T ) for
fits of measured flux noise
spectral density (Fig. 5.1) to
Eq. (4.10) are shown here for
four temperatures. Here red
points are for T=1.2K, yellow
T=2.0K, green T=3K, blue
T=4K



Appendix B
Dy2Ti2O7 Flux Noise Features

B.1 Signal Strength

A typical magnetic-flux noise spectral density from a sample compared to the noise
spectral density of an empty pickup coil is shown in Fig. B.1 for a bandwidth: 1Hz
to 2.5kHz. The plateau of flux-noise spectral density from Dy2Ti2O7 sits a factor of
1.5 × 106 higher than the noise floor level.

Fig. B.1 A typical spectrum
of magnetic-flux noise
spectral density detected from
a sample of Dy2Ti2O7 (at
1.22K) compared to
flux-noise spectral density of
empty pickup coil
corresponding to
∼ 16.8 × 10−12φ2

0/
√

Hz.
The black data points are only
meaningfully visible because
of a slight vertical shift in the
position of 0
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B.2 Repeatability

We established that the flux noise spectral density coming from Dy2Ti2O7 is
repeatable in different single crystals of the material as shown, for a typical example,
in Fig. B.2.

Fig. B.2 Plot of magnetic flux noise S�(ω, T ) from two different Dy2Ti2O7 rod shaped samples.
We observe that the flux noise spectral density from two separate Dy2Ti2O7 samples is very similar
and therefore this experiment is quite repeatable on single crystals of Dy2Ti2O7. The differences
in magnitude and time constant are due to the geometrical differences between the two samples



Appendix C
Calibration

C.1 Inter-Calibration of Time Scales

To obtain a valid correspondence between MC step time and actual time, we
assume that the MC temperature is equal to temperature of the experiment in the
range 1.2K to 2K. We then plot the of generation-recombination time constant
obtained from fitting S(ω, T ) to τ(T )(ω = 0, T )/(1 + (ωτ)b)) for both MC DSIM
τMCDSIM(T ) and experiment τexperiment (T ) respectively with temperature T as the
implicit variable. We fit a linear curve to the plot with intercept =0 (Fig. C.1). The
slope of the linear fit gives us the correspondence between MC step and actual time:
1MC-step = 83±11 microseconds.

C.2 Calibration of Sensitivity

The transfer function C between pickup coil and SQUID is calibrated by driving a
small known flux �T EST (φ0) via a drive coil (inserted into the pickup coil) through
the pickup coil, and recording the corresponding SQUID output voltage VS. In this
case (Fig. C.2)

C = VS

0.684

1

�T EST (φ0)
(C.1)

We find that C=0.015. The spectral density of magnetic-flux noise within the sample
is obtained

S�(ω, T ) = Sv(ω, T )/(C2). (C.2)
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Fig. C.1 Plot of generation recombination time constant (in sec) from fits to experiment
τexperiment (T ) vs time constant from fits to MC τMCDSIM(T ) in MC step with T as the implicit
variable

Fig. C.2 Here we show
linear relationship between
flux applied to the pickup coil
via a drive coil and flux
output by the SQUID. The
slope between the two gives
us the transfer function
between the pickup coil and
the SQUID
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To relate S�(ω, T ) to the magnetic field noise spectral density generated within our
sample SBz(ω, T ), we consider the cross-sectional area of the sample σ = 1.4 ×
10−6m2 ± 17% yielding

SBz(ω, T ) = S�(ω, T )/σ 2[T2s] (C.3)
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